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19 Classifying spaces for projections of immersions
with controlled singularities
Andra´s Szu˝cs, Tama´s Terpai
Abstract
We give an explicit simple construction for classifying spaces of
maps obtained as hyperplane projections of immersions. We prove
structure theorems for these classifying spaces.
1 Introduction
Definition. Let Mn and Pn+k be smooth manifolds and f : Mn → Pn+k
a smooth (C∞-) map. f is called a corank 1 map if rank dfx ≥ n− 1 for all
x ∈Mn. A stable corank 1 map is called a Morin map.
Definition. Given a Morin map f we say that x ∈ Mn is a Σ1r ,0-point if
there exists a regular curve γ : (R, 0) → (M,x) going through x that has
∂r(f◦γ)
∂tr
(0) = 0, but no such regular curve satisfies ∂
r+1(f◦γ)
∂tr+1
(0) = 0.
Morin [4] showed that for a fix r all Σ1r ,0 germs are left-right equivalent
(A-equivalent) and that for r 6= s the Σ1r ,0 germs are not equivalent to Σ1s,0
germs.
Definition. Given a Morin map f :Mn → Pn+k we denote by Σ(f) the set
of its singular points and we denote by Σ1r ,0(f) the set of its Σ1r ,0-points.
Definition. A Morin map is called a Σ1r-map if it has no Σ1s,0-points with
s > r.
Definition. A corank 1 map f :Mn → Pn+k equipped with a trivialization
of its kernel line bundle is called a prim map.
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Note that a prim map is the composition of an immersion g : Mn #
Pn+k × R1 with the standard projection pr : Pn+k × R1 → Pn+k.1
We denote by CobPrimΣ1r(P ) the cobordism group of prim Σ1r -maps
in a fixed target manifold P , and we denote by CobΣ1r(P ) the cobordism
group of all Σ1r -maps in a fixed target manifold P . For the standard def-
initions of these groups see [13]. Analogous groups can be defined for the
case of cooriented maps or maps with a quaternionic normal structure; we
denote them by CobSOPrimΣ1r(P ), CobSOΣ1r(P ) and CobSpPrimΣ1r(P ),
CobSpΣ1r(P ), respectively.
Whenever there is a (prim) Σ1r -map f : M → P and a smooth map
g : P ′ → P a standard pullback diagram arises:
M ′
g∗f //❴❴❴
✤
✤
✤ P
′
g

M
f
// P
If the map g is transverse to all the submanifolds f
(
Σ1s,0(f)
)
for s =
0, . . . , r, then the map g∗f is a (prim) Σ1r -map as well. If the map g is
not transverse to the submanifolds Σ1s(f), one can still choose an approxi-
mating map g˜ close to g that is transverse and obtain a (prim) Σ1r -map g˜∗f ;
this map is not unique, but any two choices of such approximating maps —
g˜1 and g˜2, say — can be deformed into one another by a homotopy G that
is itself transverse to the submanifolds Σ1s(f), hence g˜∗1f and g˜
∗
2f are con-
nected by the cobordism G∗f and represent the same element in the (prim)
Σ1r -cobordism group of P . It is easy to check that sending f to the pullback
map f 7→ g˜∗f induced by a suitable approximation of g on the cobordism
group of P we obtain a contravariant functor from the category of smooth
manifolds and smooth maps to the category of groups and homomorphisms.
A similar functor can be defined using CobPrimΣ1r(·) instead of CobΣ1r(·).
There exist (homotopically unique) spaces Xr and Xr that represent the
functors
P −→ CobΣ1r(P ) and
P −→ CobPrimΣ1r(P )
1The word prim is an abbreviation of “projection of immersion”.
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in the sense of Brown representability theorem2 (see [10]), in particular
CobΣ1r(P ) = [P,Xr] and
CobPrimΣ1r(P ) = [P,Xr]
for any compact manifold P . We call the spaces Xr and Xr the classifying
spaces for Σ1r -maps and prim Σ1r -maps, respectively. This type of clas-
sifying spaces in a more general setup has been explicitly constructed and
investigated earlier, see [12], [11]; in [7] and [13] two significantly different
explicit descriptions of the classifying space for a more general class of sin-
gular maps are given, and in [16] a homotopy theoretic connection between
those constructions is established. Again, analogues for oriented maps and
quaternionic maps can be defined, we denote them by XSOr , X
SO
r , X
Sp
r and
X
Sp
r ; in what follows, we will omit the distinguishing upper indices when
the argument works for each case.
In the present paper we give a simple construction for the spaces Xr
and prove structure theorems for them. As a byproduct we get an explicit
description of some elements of stable homotopy groups of spheres via local
forms of Morin maps.
2 Construction of Xr, the classifying space of co-
bordisms of prim Σ1r-maps
Notation: Let γOk+1 → BO(k+1) denote the universal (k+1)-dimensional
vector bundle, let γSOk+1 → BSO(k+1) denote the universal (k+1)-dimensio-
nal oriented vector bundle and denote by γSpk+1 → BSp(k + 1) the univer-
sal 4(k + 1)-dimensional quaternionic vector bundle. We denote by γk+1
one of these bundles, with the implication that our arguments apply to
each case. Let S = S ((r + 1)γk+1) be the sphere bundle of (r + 1)γk+1 =
r+1︷ ︸︸ ︷
γk+1 ⊕ · · · ⊕ γk+1, with prS : S → B(k + 1) denoting the projection on
B(k + 1), which is either BO(k + 1), BSO(k + 1), or BSp(k + 1). Define
the bundle ζS to be the pullback pr
∗
Sγ
k+1. The Thom space of ζS will be
denoted by TζS , and ΩΓTζS is the space Ω
∞+1S∞TζS = lim
q→∞
Ωq+1SqTζS.
Theorem 1. Xr = ΩΓTζS.
2In order to apply Brown’s theorem directly, one has to extend these functors to arbi-
trary simplicial complexes (not only manifolds). This is done in [13].
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From here onward, the symbol ∼=Q stands for rational homotopy equiv-
alence.
Theorem 2. a) There is a fibration Xr
Ω2ΓT ((r+2)γk+1)
−−−−−−−−−−−→ ΩΓTγk+1.
b) If k is odd, then
ΩΓTγSOk+1
∼=Q X
SO
r × ΩΓT
(
(r + 2)γSOk+1
)
c) If k is even, then
X
SO
r
∼=Q Ω
2ΓT
(
(r + 2)γSOk+1
)
× ΩΓTγSOk+1
The proofs are postponed to Section 3.
An important application of Theorem 2 is that it allows the calculation
of the ranks of the groups CobSOPrimΣ1r(P ) ∼= [P,X
SO
r ] for arbitrary target
manifolds P . First recall that theH-space X
SO
r rationally splits as a product
of Eilenberg-MacLane spaces
X
SO
r
∼=Q
∞∏
j=1
K(pij(X
SO
r )⊗Q; j).
This implies that for every P we have
(2.1)
[P,X
SO
r ]⊗Q
∼=
∞⊕
j=1
[P,K(pij(X
SO
r )⊗Q; j)]
∼=
∼=
∞⊕
j=1
Hj(P ;Z)⊗ pij(X
SO
r )⊗Q
and we only need to calculate the ranks of the homotopy groups of X
SO
r .
When k is odd, Theorem 2 yields
rankpij(X
SO
r ) = rankpij(ΩΓTγ
SO
k+1)− rankpij
(
ΩΓT
(
(r + 2)γSOk+1
))
=
= rankpisj+1(Tγ
SO
k+1)− rankpi
s
j+1
(
T
(
(r + 2)γSOk+1
))
=
= rankHj+1(Tγ
SO
k+1;Z)− rankHj+1
(
T
(
(r + 2)γSOk+1
)
;Z
)
=
= rankHj−k(BSO(k + 1);Z)−
− rankHj+1−(r+2)(k+1)(BSO(k + 1);Z);
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and when k is even we get
rankpij(X
SO
r ) = rankpij
(
Ω2ΓT
(
(r + 2)γSOk+1
))
+ rankpij(ΩΓTγ
SO
k+1) =
= rankpisj+2
(
T
(
(r + 2)γSOk+1
))
+ rankpisj+1(Tγ
SO
k+1) =
= rankHj+2
(
T
(
(r + 2)γSOk+1
)
;Z
)
+ rankpisj+1(Tγ
SO
k+1;Z) =
= rankHj+2−(r+2)(k+1)(BSO(k + 1);Z)+
+ rankHj−k(BSO(k + 1);Z).
Substituting the ranks of the homology groups H∗(BSO(k + 1);Z) into the
formula (2.1) we obtain the following expressions:
Corollary. Denote by p≤t(m) the number of partitions of m into positive
integers between 1 and t (in particular, p≤t(m) = 0 whenever m is not a
nonnegative integer).
a) If k is odd,
rankCobSOPrimΣ1r(P ) =
∞∑
j=1
rankHj(P,Z)×
×
(
p≤ k−1
2
(
j − k
4
)
+ p≤ k−1
2
(
j − 2k − 1
4
)
−
−p≤ k−1
2
(
j + 1− (r + 2)(k + 1)
4
)
+ p≤ k−1
2
(
j − k − (r + 2)(k + 1)
4
))
.
b) If k is even,
rankCobSOPrimΣ1r(P ) =
∞∑
j=1
rankHj(P,Z)×
×
(
p≤ k
2
(
j − k
4
)
+ p≤ k
2
(
j + 2− (r + 2)(k + 1)
4
))
.
Analogous computations can be performed to obtain the ranks of the
prim Σ1r cobordism groups in the non-oriented and in the quaternionic
cases as well.
2.1 Geometric interpretation of Theorem 2
Denote by X∞ the classifying space of all prim maps (of codimension k).
Clearly X∞ = lim
r→∞
Xr. By considering the immersion lifts of the involved
maps it is easy to see that X∞ = ΩΓTγk+1.
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Lemma 3. The homotopy exact sequence of the fibration in Theorem 2 a)
can be identified with the homotopy exact sequence of the pair (X∞,Xr).
Proof. We first construct a map
α : pin+k+1(X∞,Xr)→pin+k
(
Ω2ΓT ((r + 2)γk+1)
)
=
= pin+k+1 (ΩΓT ((r + 2)γk+1)) .
The relative homotopy group pin+k+1(X∞,Xr) can clearly be identified
with the relative cobordism group of those prim maps F : (Nn+1, ∂N) →
(Rn+k+1+ ,R
n+k) that possess the property of F |∂N : ∂N → R
n+k being a
Σ1r -map. The map α associates to the cobordism class of F the cobordism
class of its Σ1r+1-points equipped with the normal structure of its immersion
lift, which is a splitting of the normal bundle into (r + 2) isomorphic bun-
dles. This kind of maps is classified by the space ΩΓT ((r + 2)γk+1). Thus
we obtain a chain map of the homotopy exact sequence of the pair (X∞,Xr)
to that of the fibration of Theorem 2 a). The five lemma implies that α is
an isomorphism.
Theorem 2 b) and c) states that this exact sequence splits rationally. To
elaborate, if k is odd then the sequence
0→ pin+k(Xr)→ pin+k(X∞)→ pin+k(X∞,Xr)→ 0
is exact at the middle term and has finite homology everywhere else. Geo-
metrically this means that a prim map is rationally cobordant to a Σ1r -map
exactly if its Σ1r+1-singularity stratum is rationally null-cobordant.
If k is even, then the same is true for the sequence
0→ pin+k+1(X∞,Xr)→ pin+k(Xr)→ pin+k(X∞)→ 0
and it geometrically means that any prim map is rationally cobordant to
a Σ1r -map. Furthermore a Σ1r -map that is rationally null-cobordant as an
arbitrary prim map is determined up to rational cobordism by the ratio-
nal cobordism class of the Σ1r+1-stratum of any prim map that it bounds
rationally.
2.2 Quaternionic prim maps
Given an (n + 3)-dimensional manifold Pn+3 let us consider immersions
of closed cooriented n-dimensional manifolds immersed in P × R1 with a
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quaternionic structure on their normal bundle. This means that each normal
fibre is provided with a quaternionic structure, and the gluing maps respect
this structure. If this structure group preserves the norms of the normal
vectors as well (which can always be assumed), then this structure group is
the symplectic group Sp(1) ∼= Spin(3) ∼= S3, the group of unit quaternions.
The cobordism group of such immersions is in one-to-one correspondence
with the set of homotopy classes [SP,ΓHP∞]; in particular taking P = Sn+3
yields a group isomorphic to
pin+4(ΓHP
∞) = pisn+4(HP
∞).
Completely analogously to the codimension 2 oriented case (when a com-
plex structure can be defined on the normal bundle, see [15]) we have that
if the hyperplane projection of such an immersion is a Σ1r -map (i.e. it has
no singularity Σ1i for i > r), then the normal bundle of the immersion can
be pulled back from HP r. The inverse is also true up to regular homo-
topy: if the immersion has its normal bundle pulled back from the canonical
quaternionic line bundle over HP r, then it can be deformed by a regular ho-
motopy into an immersion such that its hyperplane projection is a Σ1r -map.
We shall call such prim maps quaternionic Σ1r -prim maps.
The cobordism group of such maps into P can be defined in a standard
way and will be denoted by CobSpPrimΣ1r(P ).
Let X¯Spr denote the classifying space of these cobordism groups, so that
it satisfies
CobSpPrimΣ1r(P ) = [P˙ , X¯Spr ]∗
Here P˙ denotes the one-point compactification of P (if P itself is com-
pact, then this is the disjoint union of P and an extra point); [−,−]∗ denotes
the set of pointed homotopy classes.
Finally, in analogy with the complex (codimension 2) case of [15] we
obtain that the classifying space X¯Spr admits the representation
X¯Spr = ΩΓHP
r+1.
The so-called singularity spectral sequence (see [15] for details) in homo-
topy groups that arises from the sequence of fibrations
X¯Spr−1 ⊂ X¯
Sp
r ⊂ X¯
Sp
r+1 ⊂ . . .
coincides (after a shift of the indices) with the spectral sequence in stable
homotopy groups of the filtration
HP 0 ⊂ HP 1 ⊂ . . .HP r ⊂ · · · ⊂ HP∞
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The first page of this spectral sequence is
E1p,q = pi
s
p+q(HP
p/HP p−1) = pisp+q(S
4p) = pis(q − 3p)
q = 10 pis(7) ∼= Z240 pi
s(4) = 0 Z2
q = 9 pis(6) ∼= Z2〈ν
2〉 pis(3) ∼= Z24oooo Zoo
kk❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲
q = 8 0 0
q = 7 0 0
q = 6 pis(3) ∼= Z24 Zoooo
q = 5 pis(2) ∼= Z2
q = 4 pis(1) ∼= Z2
q = 3 Z
p = 1 p = 2 p = 3
The only non-finite groups among the groups E1p,q are hence those on
the line q = 3p, these are all Z.
Lemma 4. The group E∞p,3p
∼= Z considered as a subgroup of E1p,3p
∼= Z has
index equal to the order of the cokernel of the stable Hurewicz homomorphism
pisp+q(HP
∞)→ Hp+q(HP
∞).
Proof. Consider the degenerate homological spectral sequence starting with
HE1p,q = Hp+q(HP
p/HP p−1) (which is Z if q = 3p and 0 otherwise) for the
same filtration and the map from the spectral sequence E∗p,q into it induced
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by the stable Hurewicz homomorphisms on each page. On the first page
we have isomorphism of the groups E1p,3p
∼= HE1p,3p, both isomorphic to
Z. On the final page we have E∞p,3p = Z identified with the free part of
pis4p(HP
∞), and it is mapped into HE∞p,3p = H4p(HP
∞) = Z, the image
of this homomorphism being the same as the image of the stable Hurewicz
homomorphism.
Corollary. The product of the orders of the images of the differentials drp,3p :
Z = Erp,3p → E
r
p−r,3p+r−1 (taken for all r from 1 to infinity) is equal to
the index of the image of the stable Hurewicz homomorphism pis4p(HP
∞)→
H4p(HP
∞).
Segal [9] has determined this index:
Theorem 5. [9, Theorem 1.1.] The image of pis4p(HP
∞) → H4p(HP
∞) is
h(p) · Z, where
• h(p) = (2p)! for p even and
• h(p) = (2p)!/2 for p odd.
It follows that all the differentials of the fragment of the spectral sequence
seen on the diagram are epimorphic modulo the 2-primary torsion part, and
the differential d12,6 : E
1
2,6 → E
1
1,6 is (truly) epimorphic. In particular we
obtain that the boundaries of the normal forms of the Morin maps of type
Σ1,0 and Σ1,1,0 in codimension 3 give a generator of the stable homotopy
group of spheres pis(3) and a generator of the odd torsion of the stable
homotopy group of spheres pis(7), respectively. In the Appendix we describe
the first of these classes in more detail.
We also get that the torsion parts of pisi (HP
∞) in the range i ≤ 11
are 2-primary groups, and hence so are those of the cobordism groups
CobSpPrimΣ13(Rn+3) for n ≤ 7.
These cobordism groups are finitely generated, and are infinite precisely
when n ≡ 0 mod 4. In fact we can prove the following more general theorem
that determines the rational homotopy type of the classifying space X
Sp
r :
Theorem 6.
X
Sp
r
∼=Q S
3 × S7 × · · · × S4r+3.
Proof. We repeat the argument that determines the rational homotopy type
of CPm (which we learned from D. Crowley); we show by induction that the
stable rational homotopy type of HPm is that of S4 ∨ S8 ∨ · · · ∨ S4m. By
the induction hypothesis HPm−1 ∼=Q S
4 ∨ S8 ∨ · · · ∨ S4m−4 and the stable
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homotopy class of the attaching map of the top dimensional cell of HPm is
defined by stable maps from S4m−1 to S4i for i = 1, 2, . . . ,m − 1, and all
these stable maps are rationally trivial (they have finite order).
Consequently X
Sp
r = ΩΓHP
r+1 ∼=Q ΩΓ(S
4 ∨ S8 ∨ · · · ∨ S4r+4) ∼= ΓS3 ×
ΓS7 × · · · × ΓS4r+3 ∼=Q S
3 × S7 × · · · × S4r+3 (we used that ΩΓS = Γ;
Γ(A ∨B) = ΓA× ΓB; and ΓSi ∼=Q S
i).
Remark 1. In [15][Lemma 4] it is shown that when k = 2, we have Xr =
ΓCP r+1. This is a special case of Theorem 1 as it follows from the next
lemma. Recall that if B(k + 1) = BSO(2), then ζS = pi
∗
rγ
SO
2 , where γ
SO
2
is the universal oriented vector bundle of rank 2 and pir : S
(
(r + 1)γSO2
)
→
BSO(2) is the sphere bundle of the vector bundle γSO2 ⊕ · · · ⊕ γ
SO
2 (with
(r + 1) summands). We denote by γC1 the universal complex line bundle
(over CP∞).
Lemma 7. The vector bundle ζS → S
(
(r + 1)γSO2
)
and the complex line
bundle γC1 |CP r → CP
r are homotopically equivalent in the sense that there
is a homotopy equivalence f : CP r → S((r + 1)γSO2 ) such that f
∗ζS is iso-
morphic as an oriented rank 2 real vector bundle to the tautological complex
line bundle over CP r.
Proof. It is well-known that γC1 can be identified with γ
SO
2 , and the tauto-
logical complex line bundle over CP r is the restriction γC1 |CP r .
Consider the space S∞ × S(Cr+1) × C and the natural diagonal S1-
action on it: for g ∈ S1 and (x, y, z) ∈ S∞ × S(Cr+1) × C set g(x, y, z) =
(gx, gy, gz).3 The subspace S∞ × S(Cr+1) × {0} is invariant under this
action; the corresponding orbit space is S∞×
S1
S(Cr+1). Regarding this orbit
space as an S(Cr+1)-bundle over S∞/S1 we identify it with S
(
(r + 1)γC1
)
.
Regarding the same orbit space as an S∞-bundle over S(Cr+1)/S1 = CP r
we get that it is homotopically equivalent to CP r. The obtained homotopy
equivalence between CP r and S
(
(r + 1)γC1
)
takes the tautological complex
line bundle to (pullback of) the tautological complex line bundle since it
extends to the entire orbit space (S∞×S(Cr+1)×C)/S1, which is the total
space of these bundles; this finishes the proof of the lemma.
Similarly ζSpS → S
(
(r + 1)γSp4
)
is homotopically equivalent to the vector
bundle γH1 |HP r → HP
r. This combined with Theorem 1 gives that X
Sp
r is
ΩΓHP r+1.
3Here S(Cr+1) is considered to be the space of unit length complex vectors in Cr+1.
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3 Proofs of Theorem 1 and Theorem 2
Proof of Theorem 1. Given a generic immersion g : Mn # Pn+k × R1 we
first produce sections s1, s2, . . . of the normal bundle νg such that Σ
1j (f) =
∩ji=1s
−1
i (0), where f = pr◦g, the map pr : P×R
1 → P being the projection.
The (positive) basis vector of R1 defines a constant vector field on P×R1
that we call (upward directed) vertical and denote by ↑. Project ↑ into the
normal bundle νg (considered as the quotient bundle T (P × R
1)/dg(TM),
and denote the obtained section by s1. Note that the singularity set Σ(f)
of f is precisely s−11 (0), the zero set of the section s1.
For a generic map f the set Σ(f) is a manifold of codimension k + 1.
Denote by ν2 the normal bundle of Σ(f) in M . Note that ν2 ∼= νg|Σ(f): the
tangent space of the section s1 at the points of Σ(f) is the graph of a linear
isomorphism β2 : ν2 → νg|Σ(f).
In order to produce the section s2 we first define a section z2 of ν2 by
projecting ↑ into ν2 at the points of Σ(f) (where ↑ ∈ dg(TM), hence the
definition makes sense). Applying the isomorphism β2 we get a section
s′2 = β2 ◦z2 of νg|Σ(f). The section s2 is defined as an arbitrary (continuous)
extension of s′2 to the entire νg. Clearly Σ
12(f) is the zero set of z2, hence
Σ12(f) = s−11 (0) ∩ s
−1
2 (0). We continue in the same fashion, producing
sections s3, . . . , sr+1 such that Σ
1j (f) = ∩ji=1s
−1
i (0). In particular if f is a
Σ1r -map, then ∩r+1i=1 s
−1
i (0) = ∅.
Note that the sections s2, . . . , sr are not unique, but each one is chosen
uniquely up to a contractible choice. The difference of any two possible
choices of s2 is an arbitrary section of νg that vanishes on s
−1
1 (0). The
difference of any two possible choices of s3 is arbitrary section of the normal
bundle νg that vanishes on s
−1
1 (0) ∩ s
−1
2 (0) etc. Hence the collection of
these sections defines a homotopically unique section α of the sphere bundle
pSr (g) : S((r + 1)νg)→M .
Let Gk+1 denote the infinite Grassmann manifold of all k + 1-planes in
R∞ and let ϕ : M → Gk+1 be the map that induces νg from the universal
bundle γk+1, furthermore let Φ : νg → γk+1 be the corresponding fiberwise
isomorphism. Φ induces a map ΦrS : S((r+1)νg)→ S((r+1)νk+1). Consider
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the following diagram:
ζg //

%%❑❑
❑❑
❑❑
❑❑
❑❑
❑ ζS

xx♣♣♣
♣♣
♣♣
♣♣
♣♣
♣
S((r + 1)νg)
ΦrS //
pSr (g)

S((r + 1)γk+1)

M
α˜r=ΦrS◦α
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
ϕ
//
α
TT
Gk+1
νg
99rrrrrrrrrrrr Φ //
A
RR
γk+1
gg❖❖❖❖❖❖❖❖❖❖❖❖
(∗r)
(since ζg = p
S
r (g)
∗(νg) and α is a section of the bundle map p
S
r (g), the map
α can be lifted into a vector bundle map A : νg → ζg). Its commutativity
gives us that α˜r
∗ζS = νg. Thus we have obtained the proof of the following
lemma:
Lemma 8. If g is a generic immersion such that f = pr ◦ g is a Σ1r-
map, then the normal bundle νg can be induced by α˜r from ζS, which in
turn is the pullback of γk+1 → Gk+1 to S((r + 1)γk+1) by the projection
S((r + 1)γk+1)→ Gk+1.
By the remark above about the contractible choices of the sections s2,
. . . , sr+1 we have seen that α is homotopically unique and therefore the map
α˜r is also homotopically unique. Hence νg can be pulled back from ζS in a
homotopically well-defined way.
Applying the Pontryagin-Thom construction to the diagram (∗r) we con-
struct a map
(∗∗) CobPrimΣ1r(P )→ [P,ΩΓTζS]
This map arises as follows: the cobordism class of an immersion g : M #
P × R1 gives a map SP → ΓTζS. Hence the map f = pr ◦ g gives a map
P → ΩΓTζS; this map is homotopically unique and its homotopy class is the
same for any representative of the cobordism class of g; hence also for that
of f . Let us denote the classifying space for prim Σ1r -cobordism by Xr. The
map (∗∗) is induced by a (homotopically unique) map θr : Xr → ΩΓTζS
between the classifying spaces. In [13] we have shown that there is a fibration
Xr−1 → Xr
pr
→ ΓSrT ((r + 1)γk) and the map pr induces the forgetful map
that sends the cobordism class of a Σ1r -map to the cobordism class of the
immersed top singularity stratum. Note that the base space can be rewritten
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as ΓSrT ((r + 1)γk) = ΩΓT
(
(r + 1)(γk ⊕ ε
1)
)
. Hence there is a long exact
sequence
. . .→ CobPrimΣ1r−1(SP )→ CobPrimΣ1r(SP )→ [SP,ΩΓT (r + 1)γk+1]→
→ CobPrimΣ1r−1(P )→ CobPrimΣ1r(P )→ [P,ΩΓT (r + 1)γk+1]→ 0
We now try to obtain an analogous exact sequence for the functor on
the right-hand side of (∗∗).
Claim 1. There is a cofibration
TζS|S(rγk+1) ⊂ TζS → T (r + 1)(γk ⊕ ε
1).
To see that Claim 1 holds, we utilize a trivial lemma:
Lemma 9. Let N be a manifold, A ⊂ N be a submanifold with a tubular
neighbourhood V and normal bundle ν, and let ξ be a vector bundle over N .
Denote by ξA and ξN\V the restrictions of ξ to A and N \ V , respectively.
Then there is a cofibration of Thom spaces
TξN\V → Tξ → T (ν ⊕ ξA).
Claim 1 follows by applying Lemma 9 to N = S ((r + 1)γk+1), A =
S(γk+1), ξ = ζS with V = S ((r + 1)γk+1) \ S(rγk+1) and ν = r(γk ⊕ ε
1).
Applying the functor ΩΓ to the cofibration of Claim 1 we obtain a fibra-
tion
ΩΓTζS
ΩΓTζS |S(rγk+1)
−−−−−−−−−−→ ΩΓT
(
(r + 1)(γk ⊕ ε
1)
)
.
There are also natural maps
θr−1 : Xr−1 → ΩΓTζS|S(rγk+1) and
θr : Xr → ΩΓTζS
that correspond to the natural transformation of functors
CobPrimΣ1r−1(·)→ [·,ΩΓTζS |S(rγk+1)] and
CobPrimΣ1r(·)→ [·,ΩΓTζS ]
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given by (∗∗). We hence obtain the following map of fibrations:
Xr−1
θr−1 //

ΩΓTζS|S(rγk+1)

Xr
θr //

ΩΓTζS

ΩΓT
(
(r + 1)(γk ⊕ ε
1)
) ∼= // ΩΓT ((r + 1)(γk ⊕ ε1))
We show that this diagram commutes homotopically by proving that the
diagram of the induced natural maps between the corresponding functors
commutes. The commutativity of the top square is obvious. In the bottom
square, the normal structure encoded in (r + 1)(γk ⊕ ε
1) on the left is that
of the splitting of the normal bundle of Σ1r ,0 into r+ 1 bundles canonically
isomorphic to the restriction of the normal bundle of the immersion lift, while
the normal structure on the right encodes the common zero sets of the r+1
sections sj. While the structure on the right may be twisted with respect
to that on the left by isomorphisms provided by the sections themselves,
one can still recover one normal structure from the other uniquely up to
homotopy.
Proof of Theorem 2. a) Consider the vector bundle γk+1 pulled back to the
disc bundle D ((r + 1)γk+1) by the projection. Note that the Thom space
of this bundle is homotopy equivalent to Tγk+1, while the total space of
its disc bundle is that of the disc bundle D ((r + 2)γk+1). Recall that after
identifying γk+1 with this pullback to the disc bundle the vector bundle
ζS is the restriction γk+1|S((r+1)γk+1), and notice that TζS → Tγk+1 →
T ((r + 2)γk+1) is a cofibration by Lemma 9. By applying the functor ΩΓ
to it, we obtain the fibration
ΩΓTζS → ΩΓTγk+1 → ΩΓT ((r + 2)γk+1) .
It is well-known (see e.g. [5]) that when one turns the inclusion ΩΓTζS →
ΩΓTγk+1 of the fiber into a fibration, its fiber will be the loop space of
the base, Ω2ΓT ((r + 2)γk+1). This fibration ΩΓTζS = Xr
Ω2ΓT ((r+2)γk+1)
−−−−−−−−−−−→
ΩΓTγk+1 is the one stated by Theorem 2 a).
b) When k is odd and we are in the oriented setting, the vector bundle
γSOk+1 has a nonvanishing Euler class and so does the vector bundle (r+1)γ
SO
k+1
as well, hence (using the Gysin sequence) we obtain that the projection
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pr : S((r + 1)γSOk+1) → BSO(k + 1) induces an epimorphism in cohomol-
ogy with rational coefficients (here we use the fact that H∗(BSO(k + 1))
has no zero divisors as a subring of the polynomial ring H∗(BT ) with T
the maximal torus of BSO(k + 1)). Consequently so does the induced map
TζS → TγSOk+1 of Thom spaces, therefore the cofibration TζS → Tγ
SO
k+1 →
T ((r+2)γSOk+1) splits homologically and so the long exact sequence of the fi-
bration ΓTζS → ΓTγ
SO
k+1 → ΓT ((r+2)γ
SO
k+1) in homotopy – which coincides
with the long exact sequence of the original cofibration in stable homo-
topy – splits rationally as well. Since all the involved spaces are H-spaces
and thus rationally products of Eilenberg-MacLane spaces, this implies that
ΩΓTγSOk+1
∼=Q ΩΓTζS × ΩΓT
(
(r + 2)γSOk+1
)
= X
SO
r × ΓT
(
(r + 2)γSOk+1
)
as
claimed.
c) When k is even (and we are still in the oriented setting), the vector
bundle γSOk+1 has vanishing Euler class and so does the vector bundle (r +
1)γSOk+1 as well, hence the projection pr : S((r + 1)γ
SO
k+1)→ BSO(k) induces
a monomorphism in cohomology with rational coefficients. Consequently
so does the induced map TζS → Tγ
SO
k+1 of Thom spaces. Extending the
cofibration TζS → Tγ
SO
k+1 → T ((r + 2)γ
SO
k+1) to form the Puppe sequence
TζS → Tγ
SO
k+1 → T ((r + 2)γ
SO
k+1)→
→ STζS → STγ
SO
k+1 → ST ((r + 2)γ
SO
k+1)→ . . .
we observe that the induced map H∗
(
ST
(
(r + 2)γSOk+1
))
→ H∗
(
STγSOk+1
)
is also zero, therefore the cofibration T
(
(r + 2)γSOk+1
)
→ STζS → STγ
SO
k+1
splits homologically and so the long exact sequence of the fibration
Ω2ΓT
(
(r + 2)γSOk+1
)
→ Ω2ΓSTζS → Ω
2ΓSTγSOk+1
in homotopy splits rationally as well. But since Ω2ΓSTζS = ΩΓTζS and
Ω2ΓSTγSOk+1 = ΩΓTγk+1 are H-spaces, we have
Xr = ΩΓTζS ∼=Q ΩΓTγk+1 × Ω
2ΓT ((r + 2)γk+1)
as claimed.
4 Appendix: The generator of pis(3) via singularity
theory
Consider the normal form of a Whitney umbrella map U : R4 → R7 given
by the coordinate functions
(x, t1, t2, t3) 7→ (y1, y2, y3, z1, z2, z3, z4)
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ym = tm m = 1, 2, 3
zm = tmx m = 1, 2, 3
z4 = x
2
By adding the eighth coordinate function z5 = x we lift this map to an
embedding U˜ : R4 → R8. Consider the restriction of U˜ to D˜4 = U−1(D7)
and denote by S˜3 the boundary of D˜4. Note that D˜4 is diffeomorphic to
the standard ball D4. The map U˜ is an embedding, hence U˜(D˜4) is an
embedded ball in R8. Its normal bundle admits a homotopically unique
quaternionic line bundle structure. The direction of the added 8th coor-
dinate line (z5) is not tangent to D˜
4 at the points of S˜3 (actually at any
point of D˜4 except for the origin). Hence the classifying map sends this
subset to a ball neighbourhood of HP 0 ⊂ HP 1 and induces the normal bun-
dle of U˜ from γH1 in the following manner. Let v denote the image of the
upward-pointing vector ∂/∂z5 in the normal bundle of D˜
4 under the natural
projection TR8 → TR8/dU˜ (TD˜4) = νU˜ . The classifying map sends v to
a fixed section s of γH1 (that does not vanish on the given neighbourhood)
and extends this bundle map to respect the quaternionic structure (see the
proof of the second Claim in [15, Section 3]). In particular, the trivialization
(s, is, js, ks) of γH1 over HP
0 that gives the generator of pis(0) = Z is pulled
back to the trivialization (v, iv, jv, kv) of the normal bundle of U˜ , and the
element in pis(3) ≈ Z24 represented by this framed manifold S˜
3 is the image
of the differential d12,6 : E
1
2,6
∼= Z → E11,6 = pi
s(3) ∼= Z24 in the spectral
sequence of subsection 2.2 evaluated on a generator of E12,6
∼= Z. Since the
differential d12,6 is surjective, it sends the generator of E
1
2,6 to a generator of
E11,6 = pi
s(3) ∼= Z24.
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